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Abstract
Let K be a CW-complex. A map f :X→ Y of compacta X and Y is said to be of e-dim6 K if
e-dimf−1(y) 6 K for every y ∈ Y . We prove that if e-dimf 6 K then there exists a σ -compact
subset A of X such that e-dimA 6 K and f |X\A is 0-dimensional. This result is an analogue for
extensional dimension of a well-known theorem of Torunczyk. Ó 2000 Elsevier Science B.V. All
rights reserved.
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1. Introduction
We say that e-dimX 6 K (the extensional dimension of X does not exceed K) if any
map of any closed subset of X into K can be extended over X. Thus for the covering
dimension dimX 6 n if and only if e-dimX 6 Sn and for the cohomological dimension
with a coefficient group G dimGX 6 n if and only if e-dimX 6K(G,n), where K(G,n)
is the Eilenberg–MacLane complex. We also say that for a map f , e-dimf 6 K if each
fiber of f is of e-dim6K .
Torunczyk [7] proved:
Theorem 1.1 (Torunczyk [7]). Let f :X→ Y be an n-dimensional map of compacta X
and Y and let Y be finite-dimensional. Then there exists a σ -compact subset A of X such
that dimA6 n− 1 and dimf |X\A 6 0.
The author [4] showed that without dimensional restrictions on Y Theorem 1.1 holds
with dimA6 n. It is still unknown if the dimension of A can be reduced to n− 1 when Y
is infinite-dimensional. We generalize this result for extensional dimension.
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Theorem 1.2. Let K be a CW-complex and let f :X→ Y be a map of compacta X and
Y with e-dimf 6K . Then there exists a σ -compact subset A of X such that e-dimA6K
and dimf |X\A 6 0.
Our approach for proving Theorem 1.2 is different and simpler than the ones of [6,4].
Also note that the approach of [4] does not work in the setting of Theorem 1.2 and the
approach of [6] does not allow to reduce the dimension of f |X\A to 0.
The following example shows that Theorem 1.1 does not hold for dimZ . Let a
compactum X be of dim = ∞ and dimZ = 2 (see [3]). Then for the trivial map on X
Theorem 1.1 would imply that there exists a σ -compactAwith dimZ A= 1 and dim(X\A)
= 0. Hence dimA= 1 and dimX 6 2 which contradicts dimX =∞. Thus Theorem 1.2 is
the best possible generalization of Theorem 1.1 for cohomological dimension.
Theorem 1.2 applies to prove
Theorem 1.3. Let K and N be CW-complexes. If K is countable and a map f :X→ Y is
of e-dim6K with e-dimY 6N then there exists a decompositionX =X1 ∪X2 of X such
that e-dimX1 6K and e-dimX2 6N .
Note that by a theorem of Dydak [2] the decomposition of X in Theorem 1.3 implies
that e-dimX 6K ∗N (the join product of K and N ).
2. Proofs
We will use the following obvious proposition:
Proposition 2.1. Let K be a CW-complex and let f :X→ Y be a map of compacta with
dimY = 0 and e-dimf 6K . Then e-dimX 6K .
Proof of Theorem 1.2. Let C be a countable family of Cantor sets in the interval I = [0,1]
such that each non-empty open subset of I contains an element of C . LetH be a countable
family of maps from X to I such that the diagonal map H = (h)h∈H :X→Q embeds X
into Hilbert cube Q. Arrange H × C into a sequence (h1,C1), (h2,C2), . . . and take for
each i a surjective map gi :Ci→ Y .
Denote
Ai =
⋃ {
f−1
(
gi(c)
)∩ h−1i (c): c ∈Ci}.
ThenAi is a closed subset ofX. Indeed, let xj ∈ f−1(gi(cj ))∩h−1i (cj )⊂Ai , cj ∈ Ci , j =
1,2, . . . be a sequence in Ai and let limxj = x ∈X. Then hi(xj )= cj and f (xj )= gi(cj )
and hence c = hi(x) = limj hi(xj ) = lim cj ∈ Ci and f (x) = limf (xj ) = limj gi(cj ) =
gi(c). Thus x ∈ f−1(gi(c))∩ h−1i (c)⊂Ai and hence Ai is closed.
Clearly e-dimhi |Ai 6K and hi(Ai)⊂ Ci . Then by Proposition 2.1 e-dimAi 6K . Set
A=⋃Ai and let us show that A is the desired set.
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Assume that there exists y ∈ Y such that dimf−1(y) \A> 0. Since H is an embedding
of X, dimH(f−1(y) \ A) > 0. Hence there exists a map h ∈H such that inth(f−1(y) \
A) 6= ∅. Then h(f−1(y) \A) contains an element C ∈ C .
Let (Ci, hi)= (C,h). Then for c ∈ Ci such that gi(c)= y we have that ∅ 6= (f−1(y) \
A)∩ h−1i (c)⊂ f−1(y)∩ h−1i (c)⊂ Ai . This contradiction proves the theorem. 2
Proof of Theorem 1.3. By Theorem 1.2 there exists a σ -compact set A such that
e-dimA 6 K and f |X\A = 0. By Olszewski’s completion theorem [5] take a completion
X1 ⊂ X of A with e-dimX1 6 K . Then X2 = X \ X1 is σ -compact and dimf |X2 = 0.
Dranishnikov and Uspenskij [1] showed that a light map of compacta does not lower the
extensional dimension. Hence e-dimX2 6 e-dimY 6N and the theorem follows. 2
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